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Let Q be the set of rational numbers, R\Q the set of irrationals and C the Cantor
set. We provide these sets with their induced topology from R. We will see dur-
ing this following developpement that these sets have some very nice ’homogeneity’
properties that will let us claim this :

Let X € {Q,R\Q,C} and
G = Homeo(X) = {f: X — X | f is bijective, f and f' are continuous }

the set of all homeomorphisms from X onto itself. We provide G with the composi-
tion law o, it is a group.

We shall show in this paper that the group of homeomorphisms of the topologi-
cal spaces cited above is simple. More precisely, we shall see that :

Theorem Let h be a non trivial element of GG, then, each element g of G is a
product of 8 conjugates of h and h1.

The simplicity can be easily seen from such a property : let H < G (H # {id}),
h € H\{id} it follows that each conjugate £(h) and K(h~') of h and h™' is in H,
and hence their product. From the Theorem above, the product of (8) conjugates of
h and h='is in G, hence G = H. As each non trivial normal subgroup of G is itself,
we conclude that G is simple.

To prove that theorem, we will list (without proof) some easy to see (or well known)
properties of G and X that will be used through the proof. From now on, X and G
are defined as above, O(X) denote the topology on X. An element g is said to be
supported on a set k if g = id outside of k. G° denotes the subset of G of all the
elements that are the identity in some non empty open subsets of X.

Let K(X) be the collection of all clopen (closed-and-open) non empty proper subsets
of X; to easily see such subsets, we can consider in the case X = Q, the sets

A={reQ,—v2<r<v2} =] -v2,v2[NQ = [-v2,v2]NQ

As Q inherits its topology from R, if U is open (or closed) in R, so is U NQ in Q.
One can easily see then, that A is open (] —+/2, /2] is open in R) and closed ([v/2, v/2]
is closed in R) in Q.



Properties Let X be as defined above, we have the following properties :
(1) For U € O(X), there exists a k € K(X) s.t. k C U

(2) For k € K(X), there exists a countably infinite collection of disjoint sets (k;);en €
K(X), a1,a5 € G s.t.

(a)
Jkick

€N

(b)

ag (ki) = kiya for each 1

(c)

a1 ko = ay |ko
and for i > 0
s |koy = ay? ko and o |koioy = af |kaia

(3) if for each i, ¢; € G is supported on k;, there exists ¢ € G s.t.

¢ is supported on U k; and Vi ¢ |k = ¢ |k

ieN
(4) G is transitive i.e. for any k, k' € K(X) there exists an t € G s.t. t(k') =k
(5) let A be a subset of X and g € G° supported on A, then for any ¢ € G
Y 'gp  is supported on ¢ (A)
IfypH(A)NA=0
f=v"1tg"g issupported on AU (A)

while

flA=glA and [y~ (A) = v gyl (4)

We note that most of those properties come from the fact that Q, R\Q and C
are zero-dimensional (with respect to the inductive dimension [4]) Hausdorff spaces
(T3), they are then totally disconnected and have a base consisting of clopen subsets
(each two distinct points can be separated by two disjoint clopen sets); for further
readings about these spaces properties, refer to [2] and [3].



Proof. We will first show that every gy in G° is a product of 4 conjugates of h and
h=t. At the end, we will see that this implies the theorem.

Let go € G°, go is supported on some k € K(X). Let kg € K(X), from (4) there
exists an o« € G such that a(k) = ko. By posing

g = agoa™" (%)
¢ is supported on a(k) = ko by (5) and gy is a conjugate of ¢'.

As h € G\{id}, there exist a p in X such that h(p) # p. As X is Ty, there ex-
ists two clopen neighbourhoods V() and V), such that
Vh(p) ny,= 0

Since h and h™! are continuous functions, it follows that h(k) and h='(k) are clopen
sets. By choosing h(k) = Vj() and V, = k we have

{ h(kyNnk =0
h=(k)Nk=10

From (2), there exists a disjoint collection (k;);>0 C K (X) and a4, ay supported
on k satisfying properties (a), (b) and (c).

and hence kN[h(E)UR (k)] =0

Let ¢; = atg'a;’, i >0

for i =0, ¢g = ¢ is supported on kg .
By induction on i > 0, suppose that ag¢’a;* is supported on k;,
ai"tg'ar™™ = aig'ay is supported on ay (ki) = ki1 (by (5) )

Hence, ¢; is supported on k; for each i. By (3), there exists ¢ supported on | k;
such that
¢lko=¢ ko and Vi>0 ¢ k= |ki

Let us consider f:=h"'¢ 'hg and Y :=[Uk; JU[ R (UkK:) |-

As ¢ is supported on |J k;, it follows from (5) that
h™'¢h is supported on h™'((_J ki) = | Jh™" (k)

i>0 i>0

As h™Y(k)Nk = 0, from the second part of property (5), f is supported on Y while
flk=¢lk and fI[h7'(k)=h""oh |h" (k)



Now, consider p := h 'apha; ' and w == p~ ' f~lpf.

plk=h"tashait [k =h" ash |k ot |k =a;t |k
(as h™tash is supported on h(k) and kN h(k) = ()
p [N (k) = B ashar [V (k) = B anh [ (k) ai [h (k) = B anh [ (k)

(by the same argument, with a; supported on k)

We can already see that

w=p T pf = p 6T R Ghph T 6 g = (p7 6 h T dhp) (o hp) (W) (67 ho)

is the product of 4 conjugates of h and h~!. We wish to check that w = ¢’; to do so
we need merely to track down the action of w on X.

Let us have a look on p(Y) :

p (V) = arh ™oy 'h(Y) = arh g [ | (A(k:) U k) ]
i>0
We need here to evaluate a; and s at elements of the set [ J(h(k;) Uk;). As aq is

supported on k and knowing that kN h(k) = (), we can already see that the action
of ag on h(k;) is trivial for each i > 0

pH(Y) Carh [ (k) Uag ! (k) ] € anl [ (ks U BT (Ra))

i>0 i>0

Here again, as k and h~'(k) are disjoint, the action of a; on h™!(k;) is trivial for

each 7 and hence
Y) C [ J(ea(k:) (k) CY

>0

We have seen that f is supported on Y and as Y C p(Y), w = p~tf~!pf is supported
on Y while each of f and p is the product of two elements of G°, one supported on
k and the other on h~!(k). Therefore, to study the action of w we may consider its
effect on k and h!(k) separately.



¢ Consider the restriction of w on k& :
wlk=p" flpf k=07 e [k
w |k is supported on Y, it is supported on J k; for each i > 0.
forv =10
w ko = c10™ a1 "¢ [k = (1o~ o |ko) (9" ko) = (cng oy ko) (9" [ko)
= (¢1" lko) (9" [ko) = ¢' ko
for ¢ > 0
w ki = ¢~ 'ar'¢ |k = (o™ oy [k) (¢ ki) = (™" [kia) (a7 '¢ |ki)

= ai(ey g 'a T ar (¢ ki) = (a1g" " a ™) (¢ [Ki)
= ¢; i [k = id
Thus, w |k is ¢’ |k

¢ Consider now the restriction of w on h=*(k) :

wh™ (k) = p~ f 7 pf (W (k) = (B o 'h) (™ oh) (R~ anh) (W™ ash) [ (k)

= h7 g sy th W (k)

Here, to see how w looks like on h=(k), we will first have a look on (a; ')
on k.

fori=20
ay ' pand " ko = (a3 g |ko) (07" ko) = (ay ' pan |ko) (9" |ko)

= (010 [k1)(ong™™" |ko) = (a1 [k1)(ong'ar ong™" |ko)
= (a1 [k1)(a1 [ko) = (a7 o) [ko = id



forz>0
oy ' Pang ™! ko = (05 pag |kay) (07" |kai) = (a51¢&f2 ki) (a3’ ar™ |kyy)

= (20 |kai—a) (a3 2gTar™ |ka) = (03" |kaim2) (03" 2g'ar® ol 2g' o™ |kay)
= (&F |kai—2) (a7 |ka) = (a7?a] |ky) = id
And

042_1¢042¢_1 |koi—1 = (042_1¢042 koi—1) (&7 |koiy = (042_1¢04% |kai1) (a3 g~ Ly 2t |k2i—1)

— (Oé2¢ |k2i+1) ( 21+lg/ 1041_22+1 ’k%il) — (042_1 ’k2i+1) ( 2”19’041_2’ 1 2z+lgl 1a1—21+1
= (a7 [kaiyr) (af |kaic1) = (7% [koi 1) = id
Thus, a; 'daxe™! |k is the identity, and hence

w[h™H(k) = h™ ay dang ™ h [h7H (k) = (W™ oy dang ™" [K) (B[R (K))

= (K" k) (b |~ (k) = (h™"h) [ (k) = id

This shows that w is supported on k£ and that ¢’ = w is a product of 4 conjugates
of h and h™1, from (*) so is go.

Finally, we have shown that each element g, of G° is a product of 4 conjugates
of h and h~ .

Let’s take an arbitary (non trivial) g from G and a special clopen set k this time,

such that
gk)ynk = 10
gk)Uk # X

Such a k exist by looking at the followings arguments : as g # id, Ip € X such
that g(p) # p. Again from the T, space propertie of X, there exist twe clopen
neighbourhoods Vy(,) := U and V, := V such that

UNnv =1

By considering k := U N g~'(V'); we have clearly that g(k) Nk = () and, by taking k
smaller, that g(k) Uk # X also.

|Kai—1)



Now consider k' = g(k) Uk € K(X) and define A such that

Ak = glk

AMg(k) = g7 [g(k)
AX\E = id |X\k

A is in G° and so is A7'g. As elements of G°, we have shown that each of them
is a product of 4 conjugates of h and h~!, hence

g = (N)(\"lg) is a product of 8 conjugates of h and h~!
[

Remark The theorem can be slightly sharpened : R.D Anderson proves in his
paper that an element of G can be written as a product of 6 conjugates of h and h~?.
He also extend his theorem to the group of orientation-preserving homeomor-
phisms of the 2-Sphere (S?), the 3-Sphere (5?) and the ”Swiss cheese” (universal
plane curves, a famous example would be the Sierpinski carpet).
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